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Abstract 
A generic ﬁeld-theoretic model for the self-assembly of particles with isotropic interactions, mo­
tivated by ideas in DNA-mediated colloidal assembly, is presented. A simplest possible system 
of colloids in explicit solvent is examined to determine the ability of non-connected particles to 
form complex nanometre or micron scale equilibrium structures in the absence of confounding ki­
netic eﬀects. It is found that non-trivial morphologies are possible and that, for this eﬀectively 
one component system, these parallel the phases of diblock copolymer melts for certain parameter 
choices, despite the absence of connectivity or packing frustration in the model. An explanation 
for the morphological similarity between these architecturally disparate systems is given. For other 
parameter choices, it is found that meta-stable and defected phases become more common, and 
that similarity with block copolymer morphologies decreases. 
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I. INTRODUCTION 
DNA-mediated colloidal organization is one of the newest concepts in self-assembly. First 
introduced by Mirkin et al. [1] and Alivisatos et al. [2], the ﬁeld has grown rapidly with 
contributions by the groups of Gang [3], Crocker [4], Frenkel [5, 6], Chaiken [7–9], Pine [7, 
8, 10], Starr [11] and others [12–15]. In DNA coated colloid (DNACC) systems, colloids are 
covered with DNA molecules such that selective and mutually exclusive interactions can take 
place depending on the coatings. Through this preparation, the ultimate goal is to be able to 
construct, through self-assembly, pre-determined three dimensional nanometre and micron 
length scale structures. For a succinct review of DNACCs, the reader is referred to the article 
by Di Michele and Eiser [16]. To gain insight into this type of system, Tindemans and Mulder 
used a philosophy of ignoring the important, but system-speciﬁc, kinetic DNA bonding 
issues and focused instead on generic equilibrium structures of selectively and isotropically 
interacting particles in a 2D lattice-based approach [17]. From this perspective, DNA-
mediated colloids are to a ﬁrst approximation isotropic [18] and are just one example of a 
class of selectively and isotropically interacting potentials that also includes single species 
colloids with two length-scale interactions [19, 20] and self-assembling polymer stabilized 
colloids [21, 22]. For this class of self-assembly, Manoharan has suggested the concept of 
larger scale assembly, where building blocks are given tailored interactions that will cause 
them to form desired objects [23]. Frenkel and Wales suggest two important design rules 
for any generic system with selectively and isotropically interacting potentials: structures 
should be kinetically accessible, and structures should reach thermodynamic equilibrium [5]. 
In this paper, we are interested in discovering if a minimalist ﬁeld-theoretic model of 
selectively interacting particles with isotropic interactions can be expected to robustly form 
stable microphase separated phases, and if so, to what degree they are similar to DNACC 
or polymer stabilized colloids. Important information about complicated systems including 
water, glasses and ﬂuid-ﬂuid phase transitions has been revealed using soft-core isotropic 
potentials, even when there is anisotropy in the non-coarse grained molecular potentials 
– see the review by Buldyrev et al. [19]. If the potentials are selective and have two 
length-scales, frustration can in principle be created which can lead to nanometre or micron 
scale patterns, although this is not assured. It may be that no window of microphase 
separation will exist between macrophase separation and uniform mixing. For example, 
2  
DNACC systems will often assemble only in extremely narrow windows of temperature [16]. 
Although experiment and simulations show self-assembly [19, 21], it is not deﬁnitively known 
if this organization is truly equilibrium. If one is not able to form equilibrium structures 
in a highly idealized generic model, it may not be reasonable to expect DNA colloids, with 
their kinetically constraining strong speciﬁc bonding, to do so. Should DNACC structures 
turn out to be limited to non-equilibrium assemblies, and so violate the second design 
rule suggested by Frenkel and Wales, predictive engineering of their self-assembly would be 
much more challenging and their usefulness could be signiﬁcantly curtailed. If on the other 
hand, self-assembly in a generic model is robust, it may be that many diﬀerent species, or 
overly complicated inter-particle potentials are required to form diverse and useful structures. 
Again, the more involved DNACC case would be even more daunting, potentially limiting 
its utility. 
It would seem then that a good step in determining the future usefulness of DNA-mediated 
colloidal self-assembly, or related systems, is to investigate generic and kinetically simpler 
systems as a limiting case. In particular, a method in which equilibrium behaviours can be 
immediately discovered would be valuable in benchmarking such a generic model against the 
second design rule of Frenkel and Wales. Self-consistent ﬁeld theory (SCFT) has played just 
such a role in the ﬁeld of block copolymer self-assembly [24–26] . In this work, we present a 
new SCFT suitable for investigations of the equilibrium behaviour of isotropically interacting 
colloids. To proceed methodically, we introduce this approach for perhaps the simplest 
possible case, that of a single type of colloid in a suspension. In order to create the frustration 
necessary for possible self-assembly, we give the isotropic interactions between colloids two 
length-scales, one that is short range attractive, the other longer range repulsive. Such 
potentials have been shown to cause microphase separation under certain conditions [27, 28]. 
Excluded volume interactions are treated separately through an incompressibility constraint. 
This model is therefore similar to colloids coated with palindromic sequences of DNA, that is, 
with complementary strands on the same colloid, in that it deals with aggregation in a single 
colloid component system [16]. It is also similar to self-assembling polymer stabilized colloids 
[21, 22], although again in a generic sense [29]. Nonetheless, the same class of self-assembly 
is under investigation and the formalism can be easily extended to include more species, 
mapping it more closely to other DNACC cases if desired. Here, to understand the important 
physics, the model is made as minimalist as possible; kinetics and strong bonding issues 
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related to some DNA-colloid self-assembly are not addressed. In particular, colloid excluded 
volume interactions are treated only in an ensemble averaged way, meaning that the details 
of how colloids pack on colloid length scales are not treated. Gross, qualitative features will 
nonetheless be apparent, which is suﬃcient to answer preliminary questions about the ability 
of these systems to self-assemble into useful structures. The present approach is therefore 
intended to be complementary to simulation methods that are well suited to studying many 
aspects of DNACC systems [16]. 
It is found that self-assembly can be robust in three dimensions in certain cases, speciﬁ­
cally when the ratio of the explicit solvent molecular volume to the colloid particle volume is 
not too small. This is a necessary, although not suﬃcient, condition for robust DNA colloidal 
self-assembly. Surprisingly, the model system self-assembles to the same qualitative phases 
as diblock copolymer melts, despite possessing neither packing frustration nor connectivity 
of chemical species. When the solvent to colloid volumetric ratio is decreased, similarities 
with diblock phases decrease and remaining stable phases become more diﬃcult to achieve. 
Speciﬁcally, more defects appear, reﬂecting numerous meta-stable states, and parameters 
related to temperature have to be given extreme values to stabilize even these morphologies. 
II. THEORY 
The model consists of a system of two particle species, referred to as A and B. Species 
A represents the colloids of interest and species B is an explicit solvent which, together 
with an incompressibility constraint, provides an ensemble average excluded volume. The 
volume ratio between A and B type particles is given by α = vB /vA. We deﬁne vA ≡ v0 
√ 
to be a reference volume and σ = 3 v0 as the length scale through which all distances 
are made dimensionless. Thus v0nA = fAV , where nA is the total number of A particles, 
fA is the total volume fraction of A particles, and V is the system volume. Because the 
system is incompressible, one can, without loss of generality, choose a single potential to 
completely describe all pair interactions of this system. It is convenient to choose this as 
the eﬀective interactions between A colloids, UAA(r), which to be isotropic, is a function 
only of the radial separation between colloids. This potential, together with an energy 
that quadratically penalizes deviations from incompressibility, can be used to write the 
canonical partition function for this system. This partition function can be converted using 
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Hubbard-Stratonovich transformations to a ﬁeld based representation using a path integral 
formalism. This derivation parallels SCFT for block copolymers and details for it can be 
found elsewhere [26]. A saddle function approximation is performed on the resulting path 
integral partition function – which is equivalent to a mean ﬁeld approximation – to give 
a free energy functional. Expressing this as a dimensionless free energy density, using the 
thermal energy kBT and the reference volume v0, gives 
� 
    
v0F v0QA fB v0QBα 
= −fA ln − ln
kB TV V fA α V fB
'1 v0 
 dr � dr UAA(|r − r'|)
+ ϕA(r) ϕA(r 
')
2 V v0 v0 kBT 
κ −wA(r)ϕA(r) − wB(r)ϕB(r) + (ϕA(r) + ϕB(r) − 1)2 
2 
(1)
where QA and QB are single particle partition functions subject to ﬁelds wA(r) and wB (r), 
respectively, that are deﬁned as  dr −wA(r)QA = e 
v0 
(2)  dr −αwB (r)QB = e 
v0 
(3) 
and κ is a parameter that is chosen suﬃciently large so as to enforce incompressibility. The 
four functions in (1) are the spatially dependent volume fractions ϕA(r) and ϕB(r) of A 
colloids and B solvent, respectively, and the conjugate chemical potential ﬁelds wA(r) and 
wB(r) that are the mean ﬁelds felt by A and B particles. Minimizing the free energy with 
respect to the volume fraction and ﬁeld functions yields self-consistent equations: 
fAV −wA(r)ϕA(r) = e 
v0QA 
(4) 
fBV −αwB (r)ϕB (r) = e 
v0QB 
 
(5)  dr' ') UAA (|r − r'|) wA(r) = ϕA(r + κ(ϕA(r) + ϕB(r) − 1) 
v0 kB T 
(6) 
wB (r) = κ(ϕA(r) + ϕB(r) − 1). (7) 
The potential UAA(r) is chosen to be isotropic, diﬀerentiable over its domain, and to be short 
range attractive and longer range repulsive. A simple piecewise function that qualitatively 
meets these criteria is ⎧   
cos , r ≤ λUAA(r) ⎨⎪ − (A1+2 A2) πr λ − (A1−2 A2) =   ⎪ − (r−λ)2kBT ⎩ A2 exp 2γ2 , r > λ (8)
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where A1 and A2 give the depth and height of the attractive and repulsive portions of the 
potential, respectively, λ gives the width of the potential well, and γ controls the width 
of the potential barrier – see ﬁgure 1. 
FIG. 1: Radial pair potential between A colloids chosen to be smooth, isotropic and to have a 
short range attraction and longer range repulsion. 
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The use of a short range attractive and long range 
repulsive potential is not an immediately intuitive choice in the present context. First, there 
must of course be a shortest range repulsion representing the excluded volume of the colloids 
or the compression of DNA coatings. In this model, this is separate from the above potential 
and is instead incorporated via the incompressibility constraint which enforces an ensemble 
averaged excluded volume. Next, the short range attraction corresponds to colloid van der 
Waals interactions in the case of polymer grafted colloids, or DNA mediated attraction in 
the case of DNA coated colloids. Such an attractive pair potential has been measured by 
Crocker and co-workers [30, 31]. Finally, the longer range repulsion corresponds to the 
polymer entropic penalty in the case of polymer grafted colloids, and to the saturation 
of complementary ends in one component DNA coated colloids. In the latter case, an 
aggregate of larger size results, representing a new length scale of soft excluded volume. 
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Strictly speaking, pair interactions are not suﬃcient for a description of coated nano-sized 
particles and many-body eﬀects should be incorporated for a quantitative description [16]. 
This is obviously not a concern here however, due to the coarse nature of the present model 
and the qualitative approach taken. In other words, the pair potential given above can be 
viewed as a phenomenological eﬀective pair interaction. 
In all, this model has six physical parameters related to the potential and the macroscopic 
features of the system. These parameters are the total volume fraction of colloids fA, the 
solvent-to-colloid volume ratio α, the depth of the potential well A1, the height of the 
potential barrier A2, the width of the potential well λ and the width of the potential barrier γ. 
The temperature kBT has been scaled out of the potential so that the magnitudes of A1 and 
A2 are inversely proportional to temperature. Since we want the model to represent generic 
colloids (A species) in a suspension (B species), we want the B particles to be much smaller 
than the A particles. We qualitatively accomplished this by choosing 0.5 ≥ α ≥ 0.01 as this 
range of α converged readily in three dimensional calculations. For quantitative realism, the 
value should obviously be much smaller still, but these values are acceptable for a preliminary 
qualitative analysis [32]. We found that non-trivial (microphase separated) phases could be 
produced for this choice when we ﬁxed λ = 2 and γ = 0.55 for the A pair potential together 
with either A1 = 11, A2 = 3 or A1 = 3, A2 = 0.3, depending on the smallness of α. 
Diﬀerent choices of λ and γ, were tried, but resulted in no qualitative diﬀerences. Larger 
changes caused either macrophase separation or a lack of convergence. Since λ and γ are on 
the order of the particle size σ, the A particles should be considered as nano-sized objects. 
Strong bonding eﬀects are not considered in this work, so addressing nanoscale colloids is 
appropriate since they generally have weaker interactions due to hosting fewer DNAs on their 
surfaces [16]. Changing A1 and A2 corresponds to changing the temperature, and we ﬁnd 
that larger values of A1 and A2 (lower temperatures) are required to stabilize morphologies 
with smaller α. In addition to the six physical parameters, there is the incompressibility 
parameter κ and the system volume V which are chosen for computational expediency. 
Speciﬁcally, equations (2)-(7) were solved numerically using Picard iteration on the volume 
fraction functions using a κ large enough to enforce excluded volume to within less than one 
percent on average and volumes V of 8, 10, and 15 σ units per cubic side to establish, with 
reasonable certainty, the morphology of a given point of parameter space. Further details 
concerning the theory and computational approach can be found in references 33. 
7  
III. RESULTS AND DISCUSSION 
Figure 2 shows typical morphologies found for A1 = 3, A2 = 0.3, λ = 2, γ = 0.55 
and α = 0.5 for a variety of fA volume fractions. For fA <0.15, we found homogeneous, 
structureless (disordered) morphologies. 
FIG. 2: The progression of phases, for α = 0.5, observed as fA is decreased from fA = 0.5. From 
fA = 0.5 to fA ≈ 0.45, lamellae (L) are observed (a). Near fA ≈ 0.4, the system moves to a 
bicontinuous gyroid phase (b). From fA ≈ 0.35 to fA ≈ 0.25, the system enters a hexagonally 
packed cylindrical phase (C) phase (c). From fA ≈ 0.2 to fA ≈ 0.15, the system enters a body 
centred cubic spherical (S) phase (d), before ﬁnally becoming disordered as fA < 0.15. This result 
parallels the progression of phases for diblock copolymer melts while varying the same parameter. 
Note that these results were computed using an L = 8σ sided box. The results have been tiled for 
clarity. 
•
....... 
• : 
~,. 
(a) Lamella (b) Gyroid (c) Cylinders (d) Spheres 
We did not calculate above fA = 0.5 since we are 
assuming the colloids are not the majority component. We observed the standard classical 
phases, namely lamellar (L), hexagonally packed cylindrical (C) and body-centered cubic 
spheres (S). In addition, we found complex phases between the L and C domains. These 
complex phases seem to be gyroid (G) and perforated lamellar (PL). Overall, this sequence 
of phases parallels that of diblock copolymers [24], which is remarkable given the radical 
diﬀerence in molecular architecture between copolymers and the present model. In the case 
of diblock copolymers, it is packing frustration that determines the stable phase through 
the competition between macromolecular chain stretching and interfacial tension [24, 34]. 
Although both the present system and the diblock system have binary chemical species, there 
can be no chain stretching in our colloidal model since the constituents are not polymers. 
Amphiphilic systems without chain degrees of freedom have recently been studied by one of 
us [35] and this revealed that standard diblock phases are not found when chain stretching is 
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absent. It is not just that chain stretching is absent in the present model however, but that 
now there is no longer any connectivity between the two chemical species. The similarity to 
diblock copolymer phases can be understood through the two length-scale potential, which 
is apparently mimicking the competition between chain stretching and energy penalties. 
The A pair potential, which is long range repulsive and short range attractive, is equivalent 
in an incompressible system to an AB interaction that is long range attractive and short 
range repulsive. This then mirrors the diblock copolymer case, wherein AB monomers 
are eﬀectively repelled at short distances, as expressed by the Flory-Huggins interaction 
parameter, and “attracted” at longer distances due to chain connectivity and stretching. 
This example of diblock-like phases in the colloid system, shown in ﬁgure 2, is for an 
artiﬁcial ratio of α = 0.5 between the volume of a solvent molecule and the volume of a 
colloid. Figures 3 and 4 show results of various fA volume fractions for α values between 
0.1 to 1.0 and 0.01 to 0.1, respectively. As the α ratio gets smaller, even though still 
far from realistic values [32], one observes that the self-assembled morphologies no longer 
map so nicely to the block copolymer case. It was found to be more diﬃcult to ﬁnd the 
complex phases, and defects or meta-stable results occurred more frequently. The results 
shown in ﬁgures 3 and 4 are sensitive to the parameters used in the potential UAA(r) as 
can be seen by comparing α = 0.1 between the two maps. For ﬁgure 3, no self-assembled 
morphologies are found while for ﬁgure 4 self-assembly is observed. For smaller values of α, 
larger magnitudes for the potential were required to achieve self-assembly. This is logical 
given that small values of α correspond to small solvent molecules with concomitant large 
translational entropy. Strong potentials corresponding to lower temperatures are required 
to overcome this large entropy in order to form non-trivial phases. Extreme values of the 
parameters led to numerical issues which limited the smallness of α that was accessible in 
this preliminary work. Therefore, the lack of self-assembly for α = 0.01 in ﬁgure 4 does 
not mean that self-assembly is not possible, merely that it was not practical to examine 
it in this study. A qualitative trend however seems detectable, namely that as α becomes 
small, the classical phases dominate, with defects and meta-stable states becoming more 
common. This is not inconsistent with the results of [21] for polymer stabilized colloids, 
in which spheres, cylinders, strings and sheets were observed in aggregations of polymer 
grafted nano-particles, often without long range order. This agreement exists despite the 
simplicity of the present model and the anisotropy of the interactions postulated between 
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particles for the experimental system. 
FIG. 3: Phase map for α between 0.1 and 1.0 for various fA values. Figure 2 is a blow up of a 
slice through α = 0.5. Isosurfaces show blue facing the A colloid domains and red facing the B 
solvent matrix. Disordered regions appear as blank blue-reddish phases. Parameters for the UAA 
potential are A1 = 3, A2 = 0.3, λ = 2 and γ = 0.55. 
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IV. CONCLUSIONS AND FUTURE DIRECTIONS 
A minimalist generic model of colloidal self-assembly is shown to produce non-trivial 
structures through a two length-scale, isotropic, interaction. This demonstrates, in principle, 
that useful equilibrium morphologies may be achieved solely through isotropic interactions, 
provided these interactions have competing length scales. This is consistent with theory and 
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simulations reviewed by Buldyrev et al. [19]. In reality, many interesting nanometre and 
micron scale structures could be created using DNA-mediated colloidal interactions, but this 
would require multiple types of selective interactions between the colloids. To approach a 
predictive capacity for such complicated systems, the present model should be extended to 
multiple species, using the isotropic interactions as an approximation for the selectively in­
teracting coatings on diﬀerent colloids following the philosophy of Tindemanns and Mulder 
[17]. 
FIG. 4: Phase map for α between 0.01 and 0.1 for various fA values. Isosurfaces show blue facing 
the A colloid domains and red facing the B solvent matrix. Disordered regions appear as blank 
blue-reddish phases. Parameters for the UAA potential are A1 = 11, A2 = 3, λ = 2 and γ = 0.55. 
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To make a connection with faithful representations of DNACCs from simulations, the 
phenomenological potential used in this work needs to be related to physical parameters of 
the system. In the future, one might also consider enforcing excluded volume more rigor­
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ously by including classical density functional theory terms in the free energy. This would 
account for packing eﬀects and could determine the degree to which qualitative morphologies 
obtained with ensemble average excluded volume are accurate. In order to begin addressing 
the ﬁrst design rule of Frenkel and Wales [5], speciﬁcally that desired structures should be 
kinetically accessible, a dynamic form of this new SCFT, one that should include bonding 
eﬀects, could be developed. Since the aforementioned future directions would require longer 
calculations, recent advances in Anderson iteration could be implemented for this new SCFT 
in order to speed convergence [35–38]. This, combined with an approximation related to the 
smallness of the volume ratio parameter α, could allow more realistic volume ratios between 
colloids and solvent molecules to be studied. Achieving smaller α volume ratio values is an 
important issue for exploring the qualitative behaviour of DNA coated colloids in a more 
relevant regime. Also, since the main computational step for this method is merely a fast 
Fourier transform, these equations are well suited to being solved using GPUs. 
For the present single colloid in explicit solvent model, the same phases as diblock copoly­
mers were found. Namely, classical lamellar, hexagonally packed cylindrical and body cen­
tred cubic spherical phases, as well as complex, three point coordinated structures. This 
qualitative agreement arises due to the two length-scale potential which mimics packing 
frustration in copolymer systems. Since the present SCFT equations are so much simpler 
than those of a diblock copolymer system, this mapping raises the intriguing possibility of 
performing inverse statistical mechanics on the simpler SCFT to ﬁnd the potential required 
to create a given morphology. It may then be possible to use the features of this potential 
as a guide for choosing features for a block copolymer that could self-assemble into a similar 
morphology. As a ﬁrst step, one could investigate a three chemical species system to see if 
it produces morphologies similar to ABC triblock copolymers. 
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